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We propose a new type of a Heisenberg-limited quantum interferometer, whose input is indis-
tinguishably photon-subtracted twin beams. Such an interferometer can yield Heisenberg-limited
performance while at the same time giving a direct fringe reading, unlike for the twin-beam in-
put of the Holland-Burnett interferometer. We propose a feasible experimental realization, using a
nondegenerate optical parametric oscillator above threshold.
I. INTRODUCTION
A general interferometer, typified by the Mach-
Zehnder interferometer (MZI) of Fig.1, measures the
phase difference between two propagation paths by prob-
ing them with mutually coherent waves. From a purely
undulatory standpoint, a sure way of ensuring such mu-
tual coherence is to split an initial wave into two waves,
for example by use of a beam splitter. However, the uni-
tarity of quantum evolution mandates that any two-wave-
output unitary have a two-mode input as well — rather
than a classical, single-mode input. Thus, the quantum
description of a “classical” interferometer must feature an
“idle” vacuum field in addition to the initial wave, and
the quantum fundamental limit of interferometric mea-
FIG. 1. A Mach-Zehnder interferometer with phase difference
φ between two optical paths. Both beam splitters are balanced.
Quantum splitting of input field a implies interference with
the vacuum field b.
surements is then dictated by the corpuscular statistics
of the interference between the two inputs of the beam
splitter (Fig.1). In a classical interferometer, the vacuum
fluctuations at the idle input port limit the phase differ-
ence sensitivity between the two interferometer arms to
the quantum limit of classical interferometry [1], the in-
put beamsplitter’s shot-noise limit (SNL)[2]
∆φSN ∼ 〈N〉−
1
2 , (1)
where φ is the phase difference to be measured and N =
Na +Nb is the total photon number operator. This limit
is that of phase noise inside the interferometer and has
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nothing to do with, say, the single-mode properties of a
coherent state (e.g., laser) input |α 〉 of photon-number
deviation ∆N = |α| = 〈N〉1/2 and phase deviation [3]
∆θ ∼ 〈N〉−1/2 before the interferometer. In fact, Caves
showed that a Fock-state input |n 〉, for which ∆N = 0
and hence ∆θ →∞, still yields the SNL of Eq. (1) [1].
When both input modes of the interferometer are prop-
erly “quantum engineered,” one can, in principle, reach
the ultimate limit, called the Heisenberg limit (HL),
∆φH ∼ 〈N〉−1 , (2)
which can clearly be many orders of magnitude lower
than the SNL when 〈N〉  1. A recent comprehensive
review of quantum interferometry can be found in Ref. 4.
The first quantum engineering proposal to break through
the SNL was Caves’ idea to replace the vacuum state in-
put with a squeezed vacuum [5], which has since been
shown to optimize the quantum Crame´r-Rao bound when
the input field is a coherent state [6]. This was demon-
strated experimentally [7, 8] and is now the approach
adopted for high-frequency signals (above the standard
quantum limit) in gravitational-wave detectors [9, 10].
Many other approaches have been investigated [11, 12],
such as twin beams [13–18], “noon” states [19–23], or
two-mode squeezed states. These different schemes were
recently compared in terms of their quantum Crame´r-
Rao bound [24].
It is important to recall here the essential result of
Escher, de Matos Filho, and Davidovich: operating a re-
alistic, i.e., lossy, interferometer at the Heisenberg limit
requires losses to be no greater than 〈N〉−1 [25], i.e., the
grand total of the loss can never exceed one photon, on
average. This result had been obtained earlier by Pooser
and Pfister in the particular case of Holland-Burnett in-
terferometry [26]: using Monte Carlo simulations for up
to n = 10 000 photons, it was shown that the phase error
of a nonideal Holland-Burnett interferometer scales with
the Heisenberg limit if the losses are of the order of n−1,
and that larger losses degrade the scaling to a limit pro-
portional to the SNL N−1/2, staying sub-SNL as long as
photon correlations are present in the twin Fock input.
This is consistent with the general result of Escher, de
Matos Filho, and Davidovich for phase estimation [25].
A direct consequence is that, if the total photon num-
ber is too large, ultimate-sensitivity interferometry can-
not be Heisenberg-limited in the current state of technol-
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2ogy: the most sensitive interferometer to date, the Laser
Interferometer Gravitational-wave Observatory (LIGO)
boasts ∆φSN ∼ 10−11 rad and is shot-noise-limited in
some spectral regions, therefore featuring 〈N〉 ∼ 1022
photons [CHECK; REF]. While a Heisenberg-limited ver-
sion of LIGO would only require 〈N〉 ∼ 1011 photons to
reach the same sensitivity, it would also require an unre-
alistic loss level of 10−11, the optical coatings on LIGO’s
mirrors “only” reaching already remarkable sub-ppm loss
levels [27].
However, the maximally efficient use of photons by
Heisenberg-limited interferometry can still be interest-
ing provided we take into account this constraint of an
ultimate loss level of 10−6. At this level, a 1064 nm
interferometer with (arbitrarily chosen) 10 ms measure-
ments would be allowed to reach the 106-photon HL of 1
µrad with only 200 pW, whereas a classical interferom-
eter would need 1012 photons, i.e., 200 µW, to have its
SNL at 1 µrad. This can be of interest in situations where
low light levels are beneficial, such as phase imaging of
living biological tissue.
In order to motivate the approach of this paper, we
review and compare and contrast some different HL pro-
posals in Table I. The key points we examine are:
(i), whether the input state enables HL performance;
(ii), whether a direct interference fringe is observable;
(iii), whether the 〈N〉  1 regime is experimentally ac-
cessible.
As we’ll see, the new input state we propose in this paper
is the only one that fulfills all three criteria.
TABLE I. Characteristics and performance of different input states — except the “noon” state∗ which is a state specified
inside the interferometer. Also the fringe signal for the “noon” state requires n-photon detection(‡). The phase error ∆φ is the
quantum Cramer-Rao bound [24]. The state whose use we propose in this paper is the last one.
Input∗ state Ref. (i) ∆φ (ii)fringe 〈Na −Nb〉 (iii) 〈N〉  1?
1. |n 〉a | 0 〉b [1]
1√
n
SNL n cosφ yes
2. |α 〉a | 0 〉b [1]
1√〈N〉 = 1|α| SNL |α|2 cosφ yes
3. |α 〉a | 0, r 〉b [5]
e−r
|α| sub-SNL |α|
2 cosφ yes
4. |n 〉a |n 〉b [13]
1√
2n(n+ 1)
HL 0 yes [17]
5. |n 〉a |n− 1 〉b [24]
1√
2n2 − 1 HL
1
2
cosφ possible
6.∗
1√
2
(|n 〉a | 0 〉b + | 0 〉a |n 〉b) [19, 20]
1
n
HL ∼ cos(nφ)(‡) unknown
7.
1√
2
(|n 〉a |n 〉b + |n+ 1 〉a |n− 1 〉b) [11]
1√
n(n+ 1)
HL cosφ
2
− sinφ
4
√
n(n+ 2) unknown
8.
1√
2
(|n 〉a |n− 1 〉b + |n− 1 〉a |n 〉b)
1
n
HL −n
2
sinφ possible
The first two cases are classical interferometer ones.
The third one is Caves’ squeezed input [5]. These benefit
from mature, high-level laser and quantum optics tech-
nology, with large average photon numbers from well sta-
bilized lasers [28]. Case 3 benefits from the recent 15 dB
squeezing record [29], but it does require that the phase
difference between the squeezed state and the coherent
state be controlled [30]. Gravitational-wave observatory
LIGO is described by case 2, and soon case 3 [10], whereas
GEO-600 is now operating with squeezing [9].
Case 4 in Table I is the twin Fock state input first
proposed by Holland and Burnett [13], and which is im-
3plementable, to a good approximation, with large photon
numbers by using an optical parametric oscillator above
threshold [17, 18, 31–33]. The input density operator is
then of the form, in the absence of losses,
ρ =
∑
n,n′
ρn,n′ |nn 〉 〈n′n′ | , (3)
which can be a pure state (ρn,n′ 7→ ρnρ∗n′), e.g. the two-
mode squeezed state emitted by a lossless optical para-
metric oscillator (OPO) below threshold, or can be a
general statistical mixture as emitted by a lossless OPO
above threshold [34]. It thus also benefits from the same
mature OPO-based squeezing technology, with a record
9.7 dB reduction on the intensity-difference noise [33].
Moreover, the phase difference between the twin beams
is irrelevant (being actually very noisy from being anti-
squeezed) and thus need not be controlled before the in-
terferometer. The generalized [35] Hong-Ou-Mandel [36]
quantum interference responsible for twin beams break-
ing the SNL was demonstrated experimentally in an
ultrastable phase-difference-locked OPO above thresh-
old [17, 37, 38], with several mW of CW power.
An inconvenient feature of the Holland-Burnett
scheme, however, is that the direct interference fringe
disappears (〈Na −Nb〉 = 0 in Table I, a property also
shared by the classical input |α 〉a |α 〉b) in contrast to all
previous cases for which the fringe signal is proportional
to the total photon number. This inconvenience can be
circumvented by the use of Bayesian reconstruction of
the probability distribution [13, 15, 26]. However, this
requires photon-number-resolved detection at large pho-
ton numbers, which isn’t accessible experimentally yet.
Another workaround is to use the variance of the photon-
number difference, which is sensitive to φ [14] but whose
signal-to-noise ratio is bounded by
√
2 [15]. Another idea
is to use a heterodyne signal, which presents high visi-
bility but is restricted to phase shifts ever closer to zero
as the squeezing increases [39]. This was demonstrated
experimentally as heterodyne polarimetry 4.8 dB below
the SNL [18].
Case 5 in Table I is a variant of the twin Fock state,
the “fraternal” twin Fock state [24], does provide a di-
rect fringe signal which being Heisenberg-limited, but the
fringe signal is still extremely small.
Case 6 stands out for several reasons. The “noon”
state is not to an interferometer input state but to a
state inside the Mach-Zehnder interferometer [19, 20].
While it yields performance at the HL, its experimental
generation isn’t yet experimentally accessible for n 1;
previous experimental realizations have been using post-
selected outcomes for n = 3 [21] and 4 [22], a method
which doesn’t scale to large photon numbers, though a
more scalable method using coherent state displacement
was also demonstrated [23]. Last but not least, the use of
a noon state with n photons requires n-photon detection,
which isn’t experimentally accessible optically for n 1
(but may be easier to reach in atomic spectroscopy [19]).
Case 7 is the theoretical proposal of Yurke, McCall,
and Klauder (YMCK) [11]. It features both performance
at the HL and a strong fringe signal, but its experimental
realization hasn’t been figured out yet.
Case 8 features the input proposed in this paper; it is
the only one of the table that features HL performance,
a clear interference fringe signal, and is experimentally
feasible with demonstrated technology for large photon
numbers. The state can be generated by using bright
twin beams from which one photon has been indistin-
guishably subtracted (or added).
As we were nearing completion of this paper, we be-
came aware of a previous, similar proposal by Carranza
and Gerry [40], in which they propose to subtract equal
photon numbers from the weak twin beams created by
two-mode squeezing, in part to increase the average pho-
ton number by photon subtraction — a counterintuitive
but well-known effect, already demonstrated for small
photon numbers [41]. Our proposal is different in several
ways: first, we perform indistinguishable — rather than
simultaneous in Ref. 40 — photon subtraction to obtain,
as detailed below, the state of case 8, which is different
from theirs; second, we consider bright twin beams, such
as emitted by an OPO above threshold, in order to start
with large photon numbers and truly evidence the HL
advantage over the SNL; third, the emphasis of this pa-
per is on a direct fringe measurement, allowed by our
state, as opposed to the parity measurement considered
in Ref. 40, and initially proposed by Anisimov et al. [42],
a measurement that’s not yet experimentally feasible for
large photon numbers.
The paper is organized as follows. In section II, we
examine the effect of various types of photon subtraction
on twin beams for quantum interferometry and determine
the optimum input. In section III, we derive the inter-
ference signal and phase sensitivity that can be obtained
with such states, and corresponding statistical mixtures,
and show that the HL can be reached. We also analyze
the effect of losses on performance, and confirm the gen-
eral result of Escher et al. [25].
II. STUDY OF INDISTINGUISHABLE PHOTON
SUBTRACTION PROCESSES ON TWIN BEAMS
As announced in Table I — and proven in the next
section — the input state∣∣φ+ 〉 = 1√
2
(|n 〉a |n− 1 〉b + |n− 1 〉a |n 〉b) (4)
boasts Heisenberg-limited performance as well as a
strong fringe signal, experimentally accessible with state-
of-the-art technology. A casual examination of this state
easily reveals why the process of indistinguishable pho-
ton subtraction from either mode a or mode b is being
considered as a means to prepare such a state. However,
one should be mindful of a crucial point: the output of
multimode photon subtraction is, in general, not a pure
4state but a statistical mixture [43]. In the following, we
consider two experimental protocols, both of which can
be legitimately construed as “indistinguishable photon
subtracting,” and show that only the one that preserves
quantum coherence can prepare the state of Eq. (4).
A. “Bucket” indistinguishable photon subtraction
We consider the situation depicted in Fig.2, in which
a twin-beam input sees a photon subtracted from either
mode by detection by a single photodetector. Adopt-
FIG. 2. Indistinguishable single-photon subtraction producing
a statistical mixture. All interferometer output measurements
are conditioned by the single-photon detection event in blue.
ing the method introduced in Ref. 43, we now derive
the quantum output of this “bucket” photon subtraction
procedure. The formal description of photon subtraction
uses a very unbalanced beam splitter. The unitary oper-
ator for a multimode beam splitter is
UBS = exp
[
i
m∑
n=1
θn(an
†a′n + a
′
n
†
an)
]
, (5)
where θn is the beam splitter parameter such that rn =
sin θn and tn = cos θn, where rn and tn are the respec-
tive reflection and transmission coefficients, and an and
a′n are the annihilation operators for the signal and vac-
uum modes respectively. An unbalanced beam splitter
features θn  1, which allows us to neglect the higher
order terms in the power series. Therefore, we have
UBS ' 1 + i
m∑
n=1
θn(an
†a′n + a
′
n
†
an). (6)
As shown in Fig.2, one port of each beam splitter is being
fed an n-photon Fock state and the other port a vacuum
state: ∣∣ψin 〉 = |n, n 〉a,b ⊗ | 0, 0 〉a′,b′ . (7)
We consider two distinct cases of single photon subtrac-
tion which are differentiated by conditioned photon de-
tection process. In first case, we adopt the multimode
single photon subtraction method introduced in [43].
The quantum state just after the two leftmost beam
splitters in Fig.2 is, taking θ1 = θ2 = θ,
|ψ′ 〉 = UBS |ψin 〉 (8)
= |n, n 〉a,b ⊗ | 0, 0 〉a′,b′
+ i
√
nθ |n− 1, n 〉a,b ⊗ | 1, 0 〉a′,b′
+ i
√
nθ |n, n− 1 〉a,b ⊗ | 0, 1 〉a′,b′ . (9)
The subtracted single photon traveling in either arm gets
absorbed at detector, and the Positive Operator Valued
Measurement (POVM) for detecting one photon is
Π = p | 10 〉a′,b′ 〈 10 |a′,b′+(1−p) | 01 〉a′,b′ 〈 01 |a′,b′ , (10)
where p is the probability of photon being present in
mode a′. Due to indistinguishability we set p = 12 and
the POVM becomes
Π =
1
2
| 10 〉a′,b′ 〈 10 |a′,b′ +
1
2
| 01 〉a′,b′ 〈 01 |a′,b′ . (11)
The MZI input modes a, b are conditioned by the mea-
surement of a single photon, which can be calculated by
a partial trace over the two-mode Hilbert space of a′, b′:
ρa,b = Tra′,b′ [UBS(
∣∣ψin 〉 〈ψin ∣∣)U†BSΠ] (12)
=
1
2
|n, n− 1 〉a,b 〈n, n− 1 |a,b
+
1
2
|n− 1, n 〉a,b 〈n− 1, n |a,b , (13)
as written in Fig.2. The density operator of Eq. (13) is a
statistical mixture and is not the density operator of the
state |ψ+ 〉 (Eq. (4)). Moreover, it is not performing ad-
equately in interferometry: indeed, it is straightforward
to show that MZI input ρa,b does not generate a direct
interference fringe,
〈Jz〉 = Tr(ρa,bJz) = 0, (14)
which is the same shortcoming at the twin-Fock state
input. It is therefore important to be precise as to how
the indistinguishable photon subtraction is conducted, so
that the pure state of Eq. (4) can be obtained. We now
turn to the proper state preparation protocol.
B. Coherently indistinguishable photon subtraction
We now consider the experiment depicted in Fig.3, in
which the two “subtraction” modes a′, b′ are made co-
herently indistinguishable by interference at a balanced
beam splitter — rather than being equiprobably de-
tected by a single detector as above. The photon num-
bers of the output ports of the balanced beam splitter
are then detected and only one detection configuration,
(na′ = 1, nb′ = 0), is considered for further heralding
5FIG. 3. Indistinguishable single-photon subtraction producing
a pure state. All interferometer output measurements are con-
ditioned by the 1-0 joint photon detection event in blue (note
that the 0-1 event would work as well, merely flipping the sign
of the superposition).
of the MZI input. The state after the balanced beam
splitter is∣∣∣ψ′′ 〉 = |n, n 〉a,b | 0, 0 〉a′,b′
+ iθ
√
n
2
|n− 1, n 〉a,b [| 1, 0 〉a′,b′ + | 0, 1 〉a′,b′ ]
+ iθ
√
n
2
|n, n− 1 〉a,b [| 1, 0 〉a′,b′ − | 0, 1 〉a′,b′ ]
(15)
= |n, n 〉a,b | 0, 0 〉a′,b′
+ iθ
√
n
2
(|n, n− 1 〉a,b + |n− 1, n 〉a,b) | 1, 0 〉a′,b′
− iθ
√
n
2
(|n, n− 1 〉a,b − |n− 1, n 〉a,b) | 0, 1 〉a′,b′
(16)
It is clear that the POVM elements for single-photon de-
tection in this case are pure:,
Π+ = | 10 〉a′,b′ 〈 10 |a′,b′ (17)
Π− = | 01 〉a′,b′ 〈 01 |a′,b′ , (18)
and that the postselected state for MZI input modes a,
b will therefore be also pure. Indeed,
∣∣∣ψ′′ 〉 collapses to
the respective states
|ψ± 〉 = 1√
2
(|n, n− 1 〉a,b ± |n− 1, n 〉a,b). (19)
In the next section, we show that both these states
achieve Heisenberg-limited interferometric performance,
and that they also yield a direct interference fringe.
III. INTERFEROMETRIC SENSITIVITY OF
PHOTON-SUBTRACTED TWIN-BEAM
INTERFEROMETRY
A. Schwinger representation
For the sake of convenience, we adopt for our calcu-
lation the Schwinger-spin SU(2) representation [44] ini-
tially proposed by Yurke et al. for quantum interferom-
eters [11]. A fictitious spin ~J is defined from a pair of
bosonic modes (a, b) as
Jx =
1
2
(a†b+ b†a) (20)
Jy = − i
2
(a†b− b†a) (21)
Jz =
1
2
(a†a− b†b) (22)
where a and b are the annihilation operators of each
mode. These operators satisfy the canonical angular mo-
mentum commutation relations of the su(2) algebra
[Ji, Jj ] = iijkJk. (23)
The operator Jz represents the photon number difference
operator between the two modes whereas Jx,y are inter-
ference terms. The total photon number of the two-mode
field is represented by the operator
J2 =
a†a+ b†b
2
(
a†a+ b†b
2
+ 1
)
. (24)
The common eigenstates of J2 and Jz are the two-mode
Fock states
| jm 〉z = |na 〉a |nb 〉b , (25)
where the respective eigenvalues, j(j + 1) and m, are
given by
j =
na + nb
2
, (26)
m =
na − nb
2
. (27)
The single photon-subtracted state of Eq. (19) therefore
becomes, in the Schwinger representation,∣∣ψ± 〉 = 1√
2
(| j, 12 〉 ± | j,− 12 〉) . (28)
B. Field evolution in the interferometer
In the Heisenberg picture, the action of the MZI
amounts to the transformation of the Ji operators as the
sequence of rotations of pi/2 around x axis, φ around z
axis, and −pi/2 around x axis respectively resulting ef-
fective rotation of φ around y axis [11].
Joutz = e
ipi2 JxeiφJze−i
pi
2 JxJze
ipi2 Jxe−iφJze−i
pi
2 Jx , (29)
6which yields
Joutz = − sinφJx + cosφJz (30)
(Joutz )
2 = sin2 φJ2x + cos
2 φJ2z − sinφ cosφ(JxJz + JzJx)
(31)
For the input state |ψ± 〉, we obtain an interference fringe
whose amplitude is of the order of the photon number,
〈Jz〉 = − sinφ
2
√
j(j + 1) +
1
4
, (32)
which is the result presented in Table I. Turning now to
the phase error, we first derive the mean square value
〈J2z 〉 for |ψ± 〉 is
〈J2z 〉 =
[
j(j + 1)− 1
4
]
sin2 φ
2
+
1
4
cos2 φ . (33)
If Jz is our phase estimator, the phase error is
4φ = 4Jz∣∣∣d〈Jz〉outdφ ∣∣∣ . (34)
and we get
4φ =
√
j(j + 1) sin2 φ+ cos2 φ− 34 sin2 φ
cosφ
√
j(j + 1) + 14
(35)
which has its minimum value at φ = 0,
4φmin = 1√
j(j + 1) + 14
=
1
n
, (36)
since j = n2 − 1. In the appendix, we show that the
indistinguishable single photon subtraction protocol also
works for the general twin-beam density operator input
ρ =
∑
n,n′
ρn,n′ |nn 〉 〈n′n′ | . (37)
C. Effect of losses
Losses in both modes are modeled by two beam split-
ters (t1,r1 and t2,r2) placed before detection. The expec-
tation values of the spin operators become
〈Jz〉 = −1
2
[
nt1t2 sinφ+
(
n− 1
2
)
(t21 − t22) cosφ
]
(38)
〈J2z 〉in =
1
4
[
n(n− 1)(t21 − t22)2 +
1
2
(t41 + t
4
2)
+
n
2
(t1r
2
1 + t2r
2
2)
]
(39)
=
1
4
[(
n− 1
2
)
(t21 + t
2
2) + 2t
2
1t
2
2n(n− 1)
]
(40)
〈JxJz + JzJx〉in =
n
2
[(2n− 1)t1t2(t21 − t22) + t1t2(r21 − r22)] (41)
which yields
4φ =
√(
c21
4 +
c3
2 n
)
C2 + [c1(n− 12 ) + nc2(nc2 − 4)]S2
n c2 C + (n− 12 )c4 S
,
(42)
where we posed
C = cosφ (43)
S = sinφ (44)
c1 = (t
2
1 + t
2
2) (45)
c2 = t1t2 (46)
c3 = (t1r
2
1 + t2r
2
2) (47)
c4 = (t
2
1 − t22). (48)
For t1 = t2 = 1, we recover the lossless case of Eq. (35).
To simplify further, we assume identical beam splitters
(t1 = t2 = t) and φ→ 0, which yields
4φ ' 1
tn
√
1 +
1− t2
t
n (49)
The first term in the square root on the right-hand side
of Eq. (49) is the HL, reached for t = 1; the second term
is the SNL, which dominates when t→ 0.
The tipping point for the losses is given by
1 =
1− t2
t
n (50)
which, solved for t in the limit of large n, yields the loss
coefficient
1− t2 ' 1
n
, (51)
consistent with the general result of Escher, de Matos
Filho, and Davidovich [25].
IV. CONCLUSION
We have proposed and studied a nontrivial modifica-
tion of the twin-beam input for Heisenberg-limited quan-
tum interferometry, which features coherently indistin-
guishable photon subtraction. This modification brings
about a strong fringe signal — absent from the unmod-
ified twin-beam input — while preserving Heisenberg-
limited operation. The loss behavior is consistent with
what is now well known about Heisenberg-limited inter-
ferometry. The experimental implementation should be
feasible with state-of-the-art technology, for example us-
ing a stable OPO above threshold [17, 37, 38] and pho-
todetectors with single-photon sensitivity We believe it
is possible to operate at no more than 106 photons per
detection time bin, so as to be compatible with the low-
est achievable optical losses and splitting ratios. Such an
experimental endeavor is currently under progress in our
laboratory.
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8Appendix: Interferometric phase noise for a general twin-beam input
In this section, we show that our photon subtraction protocol also works for the most general statistical mixture,
e.g. as produced by an OPO above threshold. The density operator in the Fock basis is given by
ρ =
∑
n,n′
ρn,n′ |nn 〉 〈n′n′ | . (A.1)
After single photon subtraction, the density operator becomes
ρ± =
∑
n,n′
√
nn′ρn,n′(|n− 1, n 〉 〈n′ − 1, n′ | ± |n− 1, n 〉 〈n′, n′ − 1 | ± |n, n− 1 〉 〈n′ − 1, n′ |+ |n, n− 1 〉 〈n′, n′ − 1 |)
2
∑
n nρnn
(A.2)
Where ρ+ and ρ− are referred to the conditioned detection by detectors D1 and D2. ρ± can be further simplified as
ρ± =
∑
n,n′
√
nn′ρn,n′
( |n−1,n 〉±|n,n−1 〉√
2
)( 〈n′−1,n′ |±〈n′,n′−1 |√
2
)∑
n nρnn
(A.3)
The normalized density operator in Schwinger representation is
ρ± =
∑
j,j′
cj,j′
( | j,−1/2 〉 ± | j, 1/2 〉√
2
)( 〈 j′,−1/2 | ± 〈 j′, 1/2 |√
2
)
, (A.4)
where
cj,j′ =
√
(j + 1/2)(j′ + 1/2)ρj+1/2,j′+1/2∑
j(j + 1/2)ρj+1/2,j+1/2
. (A.5)
The mean values 〈Jz〉 and 〈J2z 〉 for ρ± as an input state of the MZI are
〈Jz〉 = − sinφ
2
∑
j
cj,j
√
j(j + 1) +
1
4
(A.6)
which shows that the direct fringe signal is still present. Turning now to the phase error, we have
〈J2z 〉 =
sin2 φ
2
∑
j
cj,j
(
j(j + 1)− 1
4
)
+
1
4
cos2 φ, (A.7)
and the phase uncertainty 4φ is
4φ =
√
cos2 φ
4 +
sin2 φ
2
∑
j cj,j
(
j(j + 1)− 14
)− sin2 φ4 (∑j cj,j√j(j + 1) + 14)2
cosφ
2
∑
j cj,j
√
j(j + 1) + 14
. (A.8)
The minimum error is obtained, as before, for φ = 0, and we have
4φmin = 1∑
j cj,j
√
j(j + 1) + 14
=
1
〈N〉 (A.9)
